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Abstract
We report on large scale ﬁnite-temperature Monte Carlo simulations of the prototypical classical 120◦ or eg model
for orbital ordering on the simple cubic lattice in three dimensions. Our study reveals a continuous phase transition
to an orbitally ordered phase with unusual critical properties compared to standard magnetism. While the correlation
length exponent ν ≈ 0.665 is close to the 3D XY value, the exponent η ≈ 0.15 differs substantially from O(N) values.
Our results are corroborated by simulation results from a discrete eg-clock model that we have deﬁned.
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1. Introduction
An orbitally-ordered state is a very interesting state of matter. Especially in transition metal oxides, an orbital
degeneracy of electrons in partially ﬁlled eg d-orbitals leads to very rich phase diagrams arising due to an interplay
with charge and spin degrees of freedom [1]. In order to study the physical origin of collective orbital interplay,
it is natural to introduce model systems that concentrate solely on orbital degeneracy. A couple of such prototype
orbital-only spin models have been introduced in the past (see, e.g., [2, 3]), the two most common being the orbital
compass model and the 120◦ or eg model. It is quite surprising, though, that despite their prototype status only little is
known about the ﬁnite-temperature properties, and in particular about their critical properties and the precise nature
of orbital-ordering thermal phase transitions in three-dimensions.
Trying to resolve this core question in statistical physics, we present here results of a comprehensive Monte Carlo
(MC) investigation of the nature of the ﬁnite-temperature phase transitions of the classical 120◦ model on the three-
dimensional (3D) cubic lattice [4].
2. The 120◦ model and simulation approach
The 120◦ or eg model (EgM) is deﬁned by the Hamiltonian [3]
Heg = − J
∑
i,α
ταi τ
α
i+eα , (1)
where τi is an auxiliary three component vector obtained by an embedding of the orbital degree of freedom Ti =
(Tzi ,T
x
i ) = (cos(ϕ), sin(ϕ)) ∈ S 1:
τi =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
−1/2 √3/2
−1/2 −√3/2
1 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠Ti. (2)
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Figure 1: Monte Carlo results for the eg model close to the phase transition: (a) The order parameter m and (b) the associated Binder cumulant Bm.
The critical temperature is indicated by the vertical line.
The eα denote the positive unit vectors in the α ∈ {x, y, z} cartesian directions. Note that the coupling in τ-space
depends on the spatial orientation of the bond. The coupling constant J is set to one in the following, corresponding
to ferromagnetic interactions.1 Answering the question whether the EgM supports an orbital-ordered low-temperature
phase, indicated by a local order parameter 〈T〉 > 0, has been difﬁcult for a long time due to the presence of a sub-
extensive ground state degeneracy. However, a recent rigorous analysis [6, 7] showed that the ground state degeneracy
is lifted at ﬁnite temperature by an order by disorder mechanism and that the EgM can indeed order into six discrete
ordering directions, given by
T
o
n = (cos[n 2π/6], sin[n 2π/6]) , (3)
with n = 0, . . . , 5. Long-range orbital ordering was subsequently veriﬁed using classical MC simulations [5, 8], and
at higher temperatures a continuous phase transition to a disordered phase has been found, leaving open the question
as to the universality class.
We focused exactly on this question performing state-of-the-art MC simulations along the lines of Refs. [9, 10], a
key feature being the use of parallel-tempering methods as (so far) no cluster-like updates exist. The simulations were
done on simple cubic lattices of side length L and volume N = L3. In order to detect long-range orbital ordering with
〈T〉 > 0, a possible order parameter is
m = (1/N)
√
(
∑
i
T zi )
2 + (
∑
i
T xi )
2, (4)
similar to a magnetic order parameter in the XY model.2 We report here on a ﬁnite-size scaling study primarily using
χ = N(〈m2〉 − 〈m〉2), (5)
m′ln = d lnm/dβ = N
( 〈me〉
〈m〉 − 〈m〉〈e〉
)
, (6)
Bm = 1 − 〈m4〉/3〈m2〉2, (7)
denoting the susceptibility, the derivative of the logarithm of the order parameter, and the Binder parameter, respec-
tively. We employ here screw-periodic boundary conditions (SBC) which proved very efﬁcient in similar situations
in the compass model [10]. We expect them to decrease ﬁnite-size effects here as well as they diminish negative
1One the cubic lattice, results for antiferromagnetic interactions can be deduced from results using ferromagnetic couplings as the two cases
can be mapped onto each other by a simple rotation of the pseudo-spins T on one sub-lattice [5].
2Alternatively, m = (1/N)
∣∣∣∑i T zi ∣∣∣ + (1/N) ∣∣∣∑i T xi ∣∣∣ can be used which we have partly done.
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Figure 2: Finite-size scaling in the eg model: (a) Plot of χmax and m′ln;max versus L in a double logarithmic scale. Estimates for ν and η where
obtained from a ﬁnite-size study using Eq. (10), taking into account corrections to scaling. The dashed lines are the corresponding ﬁt curves.
inﬂuence from the degenerate ground-state on the ordered-state on ﬁnite lattices. For points on the cubic lattice with
coordinates (x, y, z), SBC can be deﬁned by
Nx(x, y, z) =
⎧⎪⎪⎨⎪⎪⎩(x + 1, y, z) if x < L − 1(0, [y + S ] mod L, z) if x = L − 1, (8)
where Nx(x, y, z) denotes the nearest neighbor of (x, y, z) in x-direction. A cyclic permutation is understood for the
other cases (going in y- and z-direction). Here, we report results using S = L/2 which we empirically ﬁnd to minimize
ﬁnite-size effects. Explicit comparison with periodic boundary conditions (PBC), S = 0, is also partly done.
3. Summary of key Monte Carlo results
Figure 1 gives an overview of Monte Carlo data for the magnetization m and the Binder parameter Bm as a function
of temperature T on a couple of system sizes L = 10 to L = 96. Both observables indicate a continuous phase
transition at about Tc ≈ 0.677. A more precise estimate of Tc can be obtained using the fact that Bm(L) possesses only
corrections to scaling at the critical point,
Bm(L) = B	m + cL
−ω, (9)
with ω being the correction exponent. We obtain Tc = 0.6775 and an effective ω ≈ 1.4 with a large constant
c. Knowledge of the critical point and the order of corrections to scaling enable a study of the critical properties.
Here, we concentrate primarily on the correlation length exponent ν as well as the exponent η governing the decay
of the spin-spin correlation function G(r) ∼ r−d+2−η at the critical point. These exponents are determined using
m′ln;max = max{m′ln} and the maximum of the susceptibility, χmax = max{χ}, which scale with system size L as
m′ln;max ∼ L1/ν(1 + cm′L−ω), χmax ∼ L2−η(1 + cχL−ω). (10)
Using the effective correction exponent ω obtained above based on the Binder cumulant, the data ﬁts very well to
these scaling relations yielding our estimate
ν = 0.668(6) (11)
for the correlation length exponent, see Fig. 2, which is roughly the same value as that of the universality class of the
3D XY model with νXY = 0.671 [11]. However, an analogous analysis of the order parameter correlations at criticality
yields
η = 0.15(1) (12)
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Figure 3: Finite-size scaling of the running exponents νL and ηL calculated from Eq. (13) for several models and boundary conditions, see legend.
Both the eg (Eg) and the eg-clock model (EgCL) display the same critical behavior, which is different from the 3D XY universality class (indicated
by the dashed lines and similar data for the Z6-clock model known to approach 3D XY universality [14, 15]).
and provides strong evidence for a universality class distinct from the 3D XY class, which would yield a substantially
smaller ηXY ≈ 0.038 [11, 12].
In order to study the universality class somewhat more systematically, a discrete variant of the eg-model can be
deﬁned by restricting the pseudo-spins T to their discrete ordering angles Ton. This model might be called the eg-clock
model by its analogy to the standard six-state clock model (Z6-clock model) (see, e.g., [13, 14, 15]). We have carefully
repeated our simulations for both the latter models. Additionally, a detailed comparison of the inﬂuence of boundary
conditions for the ﬁnite-size scaling was done for the eg-clock model. Figure 3 shows the ﬁnite-size behavior of the
running exponents
νL = ln(2)/ ln
(
m′ln;max(2L)/m
′
ln;max(L)
)
, ηL = 2 − ln (χmax(2L)/χmax(L)) / ln(2), (13)
which should converge to the true critical exponents for L→ ∞. Evidently, we verify known 3D XY behavior [14, 15]
for the Z6-clock model and, more interestingly, we ﬁnd absolute consistency for the critical behavior of the eg-clock
model with that of the eg model. As this analysis does not make use of ω it gives an independent and fully consistent
evidence for an unconventional orbital-ordering universality class. Further evidence is presented elsewhere [4, 16].
4. Summary
We have studied the critical properties of the ﬁnite-temperature ordering transitions in the eg or 120◦ model which
plays a prototypical role in the study of collective effects resulting from orbital-degeneracy. Our systematic study
points towards a distinct universality class for orbital-ordering, different from the standard (magnetic universality)
classes we have encountered so far. Next to analyzing the original eg model, a discrete variant (the eg-clock model)
was deﬁned and found to exhibit the same critical properties.
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